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We construct the setup of a ﬁve-dimensional braneworld scenario in teleparallel gravity. Both cases of 
Minkowski and Friedmann–Robertson–Walker branes embedded in anti-de Sitter bulk are studied and 
the effective 4D action were studied. 4-dimensional local Lorentz invariance is found to be recovered in 
both cases. However, due to different junction conditions, the equations governing the 4D cosmological 
evolution differ from general relativistic case. Using the results of Ref. [13], we consider a simple 
inﬂationary scenario in this setup. The inﬂation parameters are found to be modiﬁed compared to general 
relativistic case.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.1. Introduction
A few years after the introduction of general relativity (GR), Ein-
stein proposed another gravitational theory called teleparallel grav-
ity (TG) in an attempt to unify gravity with electromagnetism [1]. 
In this theory he considered a spacetime with zero curvature but 
nonzero torsion usually called teleparallel or Weitzenböck space-
time. This property was in contrast to general relativity in which 
the Riemannian spacetime had curvature with vanishing torsion. 
Einstein was not able to achieve his primary aim, as teleparallel 
gravity was not able to give the uniﬁcation of forces. Moreover, 
the general teleparallel theory also was not invariant under local 
Lorentz transformations [2,3]. By insisting on restoring the local 
Lorentz invariance, the theory becomes equivalent to general rel-
ativity, with empirically indistinguishable results, therefore it is 
called teleparallel gravity equivalent to general relativity (TEGR) [4,
5]. Nowadays, TG and GR are considered to be special cases of the 
more general gauge theory of gravity called Poincaré gauge theory 
(PGT) in which both torsion and curvature are present. In PGT the 
spacetime has a Riemann–Cartan structure and both the mass and 
the spin of the matter act as the sources of gravitational interac-
tion. It offers the most realistic and satisfying theory of gravity [6].
On the other hand the attempt to overcome the problems in GR 
led to the birth of variety of different proposals, see for example [7,
8] for reviews. A class of such theories modiﬁes gravity by consid-
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SCOAP3.ering higher dimensions. The origin of the idea is a work by Kaluza 
and Klein [9] in which only one compact extra dimension has been 
considered. Through this assumption, they could unify gravity and 
electromagnetism. More recently, works by Randall and Sundrum 
led to a simple viable and cosmologically satisfying braneworld 
model. Their second model, RS II, has a single brane embedded 
in an inﬁnite bulk. Although in the RS II setup, the extra dimen-
sion is not compact, the 4D gravity is recovered on the brane [10]. 
Effectively in this setup the gravity is localized on the brane by the 
bulk curvature. The success of this model has attracted worldwide 
attention to extra dimensions and many researches and develop-
ments have been so far done in this area [11,12].
Through this paper, we try to revive this ﬁve dimensional model 
in the context of a 5D TEGR background with the hope of ﬁnd-
ing probable intuitive differences between the two gravitational 
theories of TEGR and GR. The reason that we choose RS II as 
the framework is the existence of the brane as a boundary sur-
face which separates the two regions of the bulk. This gives an 
opportunity to analyze possible difference in the effective 4D grav-
ity as the junction conditions which connect the 5D quantities to 
the stress–energy tensor of the brane, are found to be different 
in teleparallel gravity as shown in [13]. Another important ques-
tion is that whether 4D local Lorentz invariance is recovered on 
the brane. This is not a straightforward question in teleparallel 
gravity as symmetric and gauge properties of this theory are fun-
damentally different from general relativity. 5D models based on 
teleparallel gravity are also studied in Refs. [14,15].
The structure of the paper is as follows: after introducing nota-
tions and basic deﬁnitions in Section 2, we consider the case of a 
Minkowski brane embedded in an anti-de Sitter bulk in Section 3.  under the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by 
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and weak-ﬁeld limit on the brane effectively. For a more realistic 
braneworld setup, we study the case of a Friedmann–Robertson–
Walker brane in an AdS bulk in Section 4.
2. Notation and deﬁnitions
Throughout this paper the capital middle Latin letters M, N, ...
run over 0, 1, 2, 3, 5 and label spacetime coordinates. Lower case 
Latin letters from the beginning of the alphabets a, b, ... run over 
0, 1, 2, 3, 5 and label tangent space coordinates. The Greek indices 
μ, ν, .. run over 0, 1, 2, 3 and refer to the 4D spacetime coordi-
nates. Finally lower case Latin letters i, j, ... run over 0, 1, 2, 3 and 
refer to the 4D tangent space coordinates.
In teleparallel gravity one considers a set of (pseudo)-orthogonal 
D-vectors (D is the number of spacetime’s dimensions) which 
form a basis in the tangent space on every point of the mani-
fold ei . e j = ηi j . This bases are called tetrads in four dimensions 
(or pentads in 5D) and relate the manifold and Minkowski metrics 
through the relation
gμν = ηi jeiμe jν (1)
The inverse of the tetrad is deﬁned by the relation eμi e
j
μ = δ ji . Here 
tetrads are the dynamical variables of the theory. In TEGR, the 
spin connection which determines the rule of the parallel trans-
port in the tangent space, is assumed to be zero. The vanishing 
spin connection means that there is no spinor ﬁeld in the theory. 
The Weitzenböck connection is deﬁned as [16]
Γ ρμν = eρi ∂νeiμ (2)
which unlike Levi-Civita connection is not symmetric on its second 
and third indices. Curvature can be deﬁned with respect to spin 
connection and torsion with respect to vierbeins and spin connec-
tion. Since the spin connection in this theory is zero, curvature is 
also turned out to be zero and then the torsion tensor is
T ρμν ≡ eρi
(
∂μe
i
ν − ∂νeiμ
)
. (3)
Contorsion tensor which denotes the difference between Levi-Civita
and Weitzenböck connections is
Kμνρ = −1
2
(
Tμνρ − T νμρ − Tρμν
)
(4)
and the superpotential tensor is deﬁned as
Sρ
μν = 1
2
(
Kμνρ + δμρ T ανα − δνρ T αμα
)
. (5)
In correspondence with Ricci scalar, one can deﬁne torsion scalar
T = Sρμν T ρμν (6)
The gravitational action in TEGR is
I = 1
16πG
∫
dx |e|T (7)
where |e| is the determinant of eaμ and from the relation (1), one 
can easily ﬁnds that it is equal to 
√−g . Variation of the above 
action with respect to vierbeins gives the ﬁeld equations in TEGR
e−1∂μ
(
eeρi Sρ
μν
)− eλi T ρμλSρνμ + 14eνi T = 4πGeρi Ξρν (8)
where Ξρν is the energy–momentum tensor.
The Lagrangian of TEGR (Eq. (7)) is consisted of just the tor-
sion scalar T . Torsion scalar differs only by a total divergence term from Ricci scalar R of general relativity, R = −T − 2∇μTνμν . R is 
local Lorentz invariant but the total divergence term ∇μTνμν is 
not, which means that contrary to R , the torsion scalar cannot be 
local Lorentz invariant. The ∇ operator here is with respect to the 
Levi-Civita connection. This total divergence term will vanish in 
an action integral and the ﬁeld equations will become equal to 
that of GR. In ﬁve dimensional TEGR with RS II as the framework, 
to see if the effective theory also remains invariant under local 
Lorentz transformations, one should study the behavior of trans-
formed quantities when one projects them on the brane. Under 
such transformations in the tangent space, vierbein and torsion 
tensor transform as
eaM → ΛabebM (9)
T MNQ → T MNQ + ΛabebM
(
ec Q ∂NΛ
a
c − ecN∂Q Λac
)
(10)
therefore the total divergence term in the ﬁve dimensional La-
grangian becomes
∇N TMNM → ∇N TMNM + ∇N
(
Λa
c∂NΛac − ΛabebNecM∂MΛac
)
(11)
It is clear that the term which involves the Lorentz transforma-
tion tensor is completely separated from the untransformed tor-
sion tensor and is still a total divergence. To obtain the effective 
Lagrangian on the brane, one should integrate the 5D Lagrangian 
with respect to the extra dimension y. If the integration of the 
second term with respect to y vanishes, the effective Lagrangian 
on the brane remains invariant. This depends on the speciﬁc ge-
ometry of the bulk and the brane and we will examine this for 
the cases of Minkowski and FRW branes in the following sections. 
However, since the transformed part is still a total divergence term, 
when integrating over whole spacetime, it will deﬁnitely vanishes 
and leaves the 4D effective ﬁeld equations invariant independent 
of geometry. To sum up, although in general, the 4D effective La-
grangian in TEGR is not equivalent with that of GR due to different 
junction conditions, but the theory remains local Lorentz invariant 
on the level of ﬁeld equations.
Here we brieﬂy present the main results of Ref. [13]. In that 
paper, starting from a 5D Randall–Sundrum setup, the effective 4D 
ﬁeld equations on the brane were derived by projecting all the 5D 
geometrical quantities using the equivalent of Gauss–Codacci equa-
tions in teleparallel gravity. The energy–momentum tensor can be 
considered as
ΞMN = −Λ5gMN + δ(y)ΩMN (12)
where Λ5 is the ﬁve dimensional cosmological constant, λ is the 
brane tension and ΩMN is the matter stress–energy tensor of the 
brane. To ﬁnd the induced ﬁeld equations on the brane, using the 
procedure ﬁrst introduced in [17], we project all the ﬁve dimen-
sional quantities by using the projection pentad [13]
hMa = eMa − nMna, (13)
this projection tensor when acts on a vector, will project it on the 
brane and turns the tangent indices into coordinate and vice versa.
In RS II, brane is actually a border which divides bulk into two 
regions. Going from one side of the brane to the other, will cause 
some discontinuities in our physical quantities. To encounter these 
discontinuities one needs junction conditions. Expressing the pen-
tad ﬁeld as a distribution and requiring that the connection also 
be a distribution, we reach the ﬁrst junction condition[
eaM
]= 0 (14)
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pressing other geometrical quantities in the same way and using 
the ﬁve dimensional ﬁeld equations, we reach the second junction 
condition which guaranties the geometry of the theory remains 
well-deﬁned. This relates the jump of the ﬁve dimensional super-
potential tensor across the brane, to the matter content on the 
brane as [13]
eOa
[
SO
MN]nM = 4πGΩNa (15)
Substituting projected quantities on the brane and using the above 
junction conditions and imposing the Z2-symmetry, we obtain the 
induced ﬁeld equations on the brane [13]
(4)F Na = −Λ5hNa + (4πG5)2ΠNa + ENa (16)
where we have deﬁned
ΠNa = −
3
4
hbOΩ
N
b Ω
O
a +
3
8
hOa ΩΩ
N
O +
1
32
hNa Ω
O
b Ω
b
O +
1
32
hNa Ω
2
+ 1
4
Φ2
(
1+ LM JM
)
δNOΩΩ
O
a +
1
4
Φ2
(
1+ LM JM
)
δNa Ω
2
(17)
and
ENa = nOna∂M
(
SO
MN)+ SO MN(nO ∂Mna)+ SO MN(na∂MnO )
+ hOa SO MN
(
nb∂Mnb
)
+ [nMnOnbnceNd + nNnOndnceMb + nMnbndnNecO
− ncnO eMb eNd − nMnbecO eNd − nMnOnbncnNnd
]
× Scbd∂M
(
hhOa
)
(18)
where pentad and the inverse pentad are given by
eiμ(x, y) =
(
eaα 0
e.5α e
.5
5
)
eμi (x, y) =
(
eαa e
α
.5
0 e5.5
)
respectively and we have deﬁned
e.5μ = LμΦ e.55 = Φ, e5i = −hμi Lμ e5.5 = Φ−1 (19)
and J i = Φ−1∂iΦ . A ‘.’ in front of an index refers that it is a tan-
gent space index.
3. Setup of the Randall–Sundrum model in TEGR
3.1. Five dimensional geometry setup in TEGR
In this section we wish to investigate an RS type scenario in the 
context of teleparallel gravity. Here the gravitational interactions 
are described by torsion instead of curvature. One of the funda-
mental assumptions of the original RS model was that the metric 
ansatz obeys the 4D Poincaré invariance.
Anti-de Sitter space is the maximally symmetric solution of Ein-
stein’s equations with an attractive cosmological constant. It has 
constant negative scalar curvature. The AdS5 metric usually takes 
the form
ds2 = dy2 + e2A(y)ημνdxμdxν
= dy2 + e2A(y)[dx2 + dy2 + dz2 − dt2] (20)
This will be a AdS5 metric if we set A = ±b. K = −b2 is the 
constant negative curvature of AdS5 space in general relativity. By a simple coordinate transformation in the form of υ = e∓byb the 
above metric can be transformed into:
ds2 = 1
b2υ2
[
dυ2 + dx2 + dy2 + dz2 − dt2] (21)
we can see that the AdS5 metric is indeed conformally ﬂat as
gμν = Ω2ημν (22)
where
Ω2 = e±2by (23)
This coordinate system is usually called the ‘stereographic coordi-
nates’ in the literature. In Teleparallel gravity we have [18]
gμν = eiμe jνηi j (24)
where eiμ is the tetrad ﬁeld. By using Eqs. (22) and (24) we see 
that the tetrad ﬁeld for the AdS5 space in the stereographic coor-
dinate is [18]
eiμ = Ωδiμ (25)
Weitzenböck connection has the form
Γ ρμν = eiρ∂μeiν (26)
Using the AdS5 tetrad (6) we have
Γ ρμν = δρν ∂μ lnΩ (27)
and the torsion will be
T ρμν = δρν ∂μ lnΩ − δρμ∂ν lnΩ (28)
So in this particular coordinate system the torsion has this simple 
form. Substituting for Ω from (23) shows us that the AdS5 space 
in teleparallel gravity has constant negative torsion scalar and its 
curvature is identically zero. We can also easily show that the AdS5
space is indeed the solution of the teleparallel ﬁeld equation (8)
with a negative cosmological constant where
Ξa
N = −Λ5eNa (29)
By introducing the brane into this setup some restrictions will 
be imposed in the form of the warp factor. In order to have a well 
deﬁned and acceptable Cauchy development, the warp factor in the 
presence of the brane should be
e2A(y) = e−2b|y| (30)
This space is usually called the AdS5/Z2 space and is a choice 
which is bounded everywhere and unlike the unbounded e2A(y) =
e2b|y| it has a well developed Cauchy problem.
Using this warp factor and turning the attention to the original 
AdS5 line element (20), one can see that the simplest pentad ﬁeld 
in this setup is given by
eaM = diag
(
e−b|y|, e−b|y|, e−b|y|, e−b|y|,1
)
(31)
We now proceed to calculate the torsion and superpotential with 
this tetrad. We note that
d|y|
dy
= Θ(y) − Θ(−y) = (y), d
2|y|
dy2
= 2δ(y) (32)
where θ(y) is the Heaviside distribution which is deﬁned as fol-
lows: it is equal to +1 if y > 0, 0 if y < 0 and indeterminate if 
y = 0. It has the following properties
Θ2(y) = Θ(y), Θ(y)Θ(−y) = 0, d
dy
Θ(y) = δ(y) (33)
where δ(y) is the Dirac distribution.
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T 050 = −b
(
Θ(y) − Θ(−y)),
T 151 = T 252 = T 353 = −b
(
Θ(y) − Θ(−y)) (34)
and the non-zero components of the superpotential are
S0
50 = S151 = S252 = S353 = 3
2
b
(
Θ(y) − Θ(−y)) (35)
So the torsion scalar will be
T = −6b2(Θ(y) − Θ(−y))2
= −6b2(Θ2(y) + Θ2(−y) − 2Θ(y)Θ(−y))
= −6b2(Θ(y) − Θ(−y))= −6b2 (36)
So the AdS5 space in teleparallel gravity indeed has constant nega-
tive scalar torsion.
If we denote the left hand side of the teleparallel ﬁeld equation 
(8) by F Na , then we have
F 0.0 = e−3b|y|6b2 − e−b|y|6bδ(y)
F 1.1 = F 2.2 = F 3.3 = e−b|y|6bδ(y) − e−3b|y|6b2,
F 5.5 = −e−b|y|6b2 (37)
where a ‘.’ denotes the tangent space indices. From these equations 
we see that as well as having a cosmological constant in the bulk, 
there should be an additional energy momentum tensor on the 
brane (with a delta function). The complete energy–momentum 
tensor which supports this particular form of tetrad with this spe-
ciﬁc warp factor then should be
Ξa
N = −Λ5eNa + λeNa δ(y) (38)
where λ is the cosmological constant induced on the brane or the 
brane tension. Using the teleparallel ﬁeld equations we get
λ = 6b
κ25
, Λ5 = −6b
2
κ25
(39)
So we also have
κ25λ
2 + 6Λ5 = 0 (40)
The presence of this additional energy–momentum tensor entails 
the presence of a new matter ﬁeld λ which is localized to the 
y = 0 region which is associated with the brane localized there. 
In summary in this section we have constructed a 5D AdS geome-
try in teleparallel gravity. Introducing the brane in this setup will 
induce some restrictions on the coeﬃcient of the AdS pentad.
3.2. Effective 4D action
The 5D gravitational action in the RS setup is
Sgrav = − 1
κ25
∫
d4x
π∫
0
dφrc|e|(−Λ5 + T ) (41)
where we have introduced y = rcφ and φ goes from 0 to 2π . 
rc essentially is the “compactiﬁcation radius” of the extra dimen-
sional circle. In order to study the effective 4D action, we begin 
by considering small ﬂuctuations around the 4D tetrad. This can 
be achieved by replacing the Minkowski metric in (20) by a four 
dimensional metric g¯μν(x) where
g¯μν(x) = ημν + h¯μν (42)so we have
ds2 = dy2 + e−2b|y|(ημν + h¯μν)dxμdxν (43)
In terms of the tetrad ﬁeld, the 4D ﬂuctuations can be written as
e¯iμ(x) = δiμ + h¯iμ(x) (44)
where e¯iμ is the 4D tetrad.
Up to the ﬁrst order in perturbations, the non-zero torsion com-
ponents of the tetrad (43) are
T 050 = −b
(
1+ h.00 + h0.0
)
, T 151 = −b
(
1+ h.11 + h1.1
)
,
T 252 = −b
(
1+ h.22 + h2.2
)
T 353 = −b
(
1+ h.33 + h3.3
)
T ρ5ν = −b
(
δ
ρ
i h
i
ν + δiνhρi
)
, T ρμν = e−b|y|eb|y| T¯ ρμν = T¯ ρμν
(45)
where T¯ ρμν is the torsion constructed by the 4 dimensional tetrad 
(44). Similarly for the superpotential we have
S0
50 = 3
2
b − b(1+ h.00 + h0.0), S151 = 32b
(
1+ h.11 + h1.1
)
,
S2
52 = 3
2
b
(
1+ h.22 + h2.2
)
, S3
53 = 3
2
b
(
1+ h.33 + h3.3
)
,
Sρ
μν = eb|y| S¯ρμν. (46)
And ﬁnally for the torsion scalar T we have
T = −6b2
[
1+ 2Tr(hiμ)+ 2Tr(hμi )+
3∑
i=0
(
hiμδ
μ
i
)2]+ eb|y| T¯
(47)
which again T¯ is the torsion scalar constructed by (44) and 
is purely 4 dimensional and y-independent. If we work in the 
Transverse-Traceless gauge then Tr(hiμ) = Tr(hμi ) = 0 and up to 
ﬁrst order we have
T = −6b2 + eb|y| T¯ . (48)
Note that the fourth term in the RHS of (47) is a term second 
order in ﬂuctuation and can be neglected. For the determinant of 
pentad we can easily see that there exists the following relation 
between 5D determinant constructed by (43) and 4D determinant 
constructed by (44)
e = e−4b|y|e¯ (49)
where e¯ is y-independent. Substituting (48) and (49) in the action 
(41), we have
Sgrav = − 1
κ25
∫
d4x
π∫
0
dφrce
−4brc |φ|e¯
(−6b2 + ebrc |φ| T¯ ). (50)
The ﬁrst term in the above integral is a constant and can be inte-
grated and absorbed into the cosmological constant term in (41). 
The second term gives us the effective 4D action and effective 4D
Planck scale. In this case when we consider only the ﬁrst order 
ﬂuctuations, the effective 4D action is indeed only T¯ and as a re-
sult this geometrical setup is equivalent to GR in both levels of the 
action (up to the ﬁrst order) and the ﬁeld equations.
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For the embedding of a (not necessarily static) maximally 
3-symmetric geometry in a 5-dimensional bulk, the most gen-
eral line element which respects the maximal 3-symmetry is given 
by [19]
ds2 = −n2(y, t)dt2 + 2c(y, t)dydt
+ a2(y, t)
[
dr2
1− kr2 + r
2dΩ2
]
+ b2(y, t)dy2 (51)
The most general pentad which gives this geometry and 
also respect the fundamental structure of spacetime as given by 
Eq. (19) is
eaM =
⎛
⎜⎜⎜⎜⎜⎝
√
( c
2
b2
+ n2) 0 0 0 0
0 a 0 0 0
0 0 a 0 0
0 0 0 a 0
c
b 0 0 0 b
⎞
⎟⎟⎟⎟⎟⎠ . (52)
However starting from TEGR in 5 dimensions and noting that the 
5D ﬁeld equations is invariant under local Lorentz transformation 
of the pentad,
eaM → ΛabebM , (53)
one can write most general FRW pentad as without loss of gener-
ality
eAμ =
⎛
⎜⎜⎜⎝
n 0 0 0 0
0 a 0 0 0
0 0 a 0 0
0 0 0 a 0
0 0 0 0 b
⎞
⎟⎟⎟⎠ . (54)
The TEGR Lagrangian is also invariant under general coordinate 
transformation. Using this extra freedom, we choose the gauging 
b = 1 which corresponds to the Gaussian normal gauge in gen-
eral relativity and effectively ﬁxes the position of the brane in the 
5D geometry. For simplicity we choose y = 0 as the position of the 
brane. Note that setting b = 1 brings down the number of indepen-
dent coeﬃcients of the pentad (54) to two. This is acceptable as 
the number of independent metric coeﬃcients in the correspond-
ing general relativistic setup is also two and we expect our 5D 
TEGR theory to posses the same number of degrees of freedom 
as general relativity in ﬁve dimensions. The transformation which 
transforms the pentad (52) to (54) is given by
MAB =
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
n√
( c
2
b2
+n2)
0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
−c√
( c
2
b2
+n2)
0 0 0 1
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (55)
in the t–y plane we have
MAB =
⎛
⎜⎜⎝
n√
( c
2
b2
+n2)
0
−c√
( c
2
2 +n2)
1
⎞
⎟⎟⎠ , (56)bdeﬁning cos(θ) =
√
( c
2
b2
+n2)
n , we see that
MAB =
( 1
cos(θ) 0
− tan(θ) 1
)
, (57)
which is exactly the transformation between a non-orthogonal ba-
sis and an orthogonal one. Note that this is not a local Lorentz 
transformation as it does not satisfy the condition ΛTηΛ = η
where η is the Minkowski metric of the tangent space.
The fact that these two pentads which are not connected to 
each other through a local Lorentz transformation, both describe 
the same geometry with the same dynamics, implies that there are 
extra hidden symmetries in the this setup of the theory that can 
be used to reduce the number of independent degrees of freedom 
to that of general relativity in 5 dimensions.
The situation of the effective 4D dynamics on the brane is quite 
a different matter. As the pentad coeﬃcients in (54) are not sep-
arable functions of t and y, ﬁnding of the 4D effective dynamics 
is not a straightforward question like the Minkowski case. The 4D 
brane dynamics is derived from the bulk quantities through the 
junction conditions. As the junction conditions in the teleparallel 
braneworld gravity differ from general relativity, one could expect 
some modiﬁcations in 4 dimensions. The induced ﬁeld equation 
derived in [13] shows this feature. Using the FRW pentad (54) with 
b = 1, we derive the torsion, contortion and the superpotential ten-
sors of the 5D background. The torsion scalar then reads
T = −6a
′n′
an
+ 6a˙
2
a2n2
− 6a
′ 2
a2
(58)
substituting in the 5D teleparallel ﬁeld equations we get
F 0.5 = F 5.0 = −
3
2
a˙′
a4n3
+ 3
2
n′a˙
a4n4
= 0 (59)
F 0.0 = −3
a′ 2
a2
− 3a
′′
a
+ 3a˙
2
a2n2
= 4πG(ρ(t)δ(y) + Λ5) (60)
F 1.1 = −2a′′a + a′ 2 +
2aa′n′
n
+ n
′′a2
n
− a˙
2
n2
+ 3aa˙n˙
n3
− 2aa¨
n2
= 4πG(p(t)δ(y) + Λ5) (61)
F 5.5 = 3
a′ 2
a2
+ 3a
′n′
an
− 3a˙
2
a2n2
+ 3a˙n˙
n3
+ 3 a¨
a
= 4πGΛ5 (62)
Here ‘dot’ denotes derivative with respect to time t and a ‘prime’ 
denotes derivative with respect to y. Note that these are exactly 
the same 5D equations as in general relativity [20,21]. This is ex-
pected as we are working in the teleparallel equivalent of general 
relativity in 5 dimensions. Any possible difference in effective 4D 
theory is then coming from the different junction conditions. To 
solve these equations, we ﬁrst solve them in the bulk and then 
impose the junction conditions at the brane. Eq. (59) can be sim-
pliﬁed to
a˙′
a
= n
′
n
(63)
The non-trivial solution to this equation is
a˙ = D(t)n (64)
where D(t) is a function that depends only on time and is inde-
pendent of y. Substituting this solution in Eq. (60) and equating it 
to −6b2 in the bulk gives
D(t)
2
− a
′ 2
2
− a
′′
= −2b2 (65)
a a a
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a(y, t) =
√
2
2
√
e−2b|y|(−e−2b|y|D(t) + be−4b|y|A(t) − bB(t))
be−2b|y|
(66)
where A(t) and B(t) are arbitrary t-dependant integration func-
tions.
Imposing the junction conditions (15) on the brane we get
3
2
a′(0, t)
a(0, t)
= 4πGρ (67)
a′(0, t)
a(0, t)
+ n
′(0, t)
n(0, t)
= 4πGp (68)
Substituting (68) and (69) in (71) and (72) yields
−3b2(A(t) + B(t))
2A(t)b − 2B(t)b − 2D(t) = 4πGρ(t) (69)
((B(t) + A(t))D˙(t) + (−B(t)b − 2D(t) + 3A(t)b)B˙(t))b2
(−D(t) + A(t)b − B(t)b)(−D˙(t) + A˙(t)b − B˙(t)b)
+ b
2( A˙(t)(−3B(t)b − 2D(t) + A(t)b))
(−D(t) + A(t)b − B(t)b)(−D˙(t) + A˙(t)b − B˙(t)b)
+ −3b
2(A(t) + B(t))
2A(t)b − 2B(t)b − 2D(t) = 4πGp(t) (70)
By assigning appropriate ρ(t) and p(t), these two equations 
along with the 5-5 equation (62) when evaluated at the brane, will 
fully specify all tetrad coeﬃcients and with that, the dynamics of 
an FRW brane embedded in an AdS bulk will be fully determined.
Substituting (58) in the action (41) in the case of an FRW brane, 
and explicitly evaluating the integral over y, will give us effective 
4D action as
Leff = Φ arctan
[
D˙ − 2 A˙b√
−4b2 B˙a˙ − D˙2
]
+ Ψ arctan
[
D − 2Ab√
4b2B A − D2
]
+ Υ ln
[
D − bA − bB
D˙ − A˙b + B˙b
]
(71)
where
Φ ≡ 24b(B A˙D + AB˙D − 2AD˙B)(b
2 B˙ A˙ − 14 D2)
b2 A˙3B2 − 2b2AB B˙ A˙ − D2 B˙ A˙ + DD˙B A (72)
Ψ ≡ 24b
{−1
2
b2A2D2B2 + 1
2
D4AB˙ − 1
2
D3AB˙
+ b2BD2A2 B˙ − 2b2A3DB B˙ + b2A2B2 A˙ D˙
− 1
2
ABD3 A˙ D˙ + 1
4
ABD2 A˙ D˙ − 1
2
b2A2D2 B˙3 D˙
+ b2A2B B˙ D˙ − 1
2
AD3 B˙ D˙ + 1
4
AD2 B˙ D˙ + 1
2
ABD2 D˙2
}
× {b2 A˙3B2 − 2b2AB B˙ A˙ − D2 B˙ A˙ + DD˙B A}−1 (73)
Υ ≡ 24b[
1
4 (b
2AB˙ − 12 DD˙ + b2AB)(AB˙ − B A˙)]
b2 A˙3B2 − 2b2AB B˙ A˙ − D2 B˙ A˙ + DD˙B A (74)
As we can see, the effective Lagrangian in the FRW case is not the 
same as in GR and as a result the 4D cosmological dynamics will 
be different from GR. For a quick glance at the practical results of 
the model and study quantitative differences, we consider a simple 
inﬂationary universe when the exponential expansion is driven by a scalar ﬁeld. Using the procedure above and Eq. (16), the Fried-
mann equation on the brane will be [14]
a˙2
a2
= 1
3
[
−Λ4 + 8πGρ + 1
4
(4πG)2
(
11− 60ω + 93ω2)ρ2] (75)
where ω = pρ is the equation of state parameter of the matter con-
ﬁned to the brane. The scalar ﬁeld, φ which drives the inﬂation has 
energy density and pressure
ρ = 1
2
φ˙2 + V , p = 1
2
φ˙2 − V (76)
respectively where V (φ) is the inﬂation potential. We deﬁne the 
slow-roll parameters as usual
 ≡ M4
2
4π
(
H ′
H
)2
, η ≡ M4
2
4π
(
H ′′
H
)
(77)
In the slow-roll regime we have
1
2
φ˙2 
 V (φ), 3Hφ˙  −V ′(φ) (78)
We assume a chaotic type potential for the inﬂaton ﬁeld
V (φ) = 1
2
m2φ2 (79)
Substituting we have
 = πG
(
V ′
V
)2(1+ 1312πGV
1+ 656πGV
)2
(80)
η = πG
(
V ′′
V
)
×
[
26896(4πG)2V 2 + 246(4πG)V + 8πG − V ′ 2V ′′V
(1+ (4πG)164V )2
]
(81)
where here a prime denotes the differentiation with respect to the 
argument. Comparing these relations with the corresponding re-
sults in general relativity in Ref. [22], we ﬁnd that contrary to GR 
case, here the slow-roll parameters are enhanced by brane modiﬁ-
cations.
Other inﬂation parameters can then be derived using standard 
procedures. The scalar spectral index will be
ns = 1− 6πG
(
V ′
V
)2(1+ 1312πGV
1+ 656πGV
)2
+ 2πG
(
V ′′
V
)
×
[
26896(4πG)2V 2 + 246(4πG)V + 8πG − V ′ 2V ′′V
(1+ (4πG)164V )2
]
(82)
The amplitude of scalar and tensor perturbations then are
A2S =
9
25
[ 83πGV + 6563 π2G2V 2]
6
V ′ 2
(83)
and
A2T =
1
1600
[ 83πGV + 6563 π2G2V 2]
2
π5G4
(84)
Respectively, then the tensor-to-scalar ratio will be
A2T
A2S
= 1
576
V ′ 2
[ 83πGV + 6563 π2G2V 2]
4
π5G4
(85)
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Teleparallel gravity as the gauge theory for the translation 
group, offers a viable gravitational theory for macroscopic matter. 
There exist one class of teleparallel Lagrangians, called teleparal-
lel equivalent of general relativity (TEGR), which for all practical 
purposes is empirically indistinguishable from general relativity 
for scalar matter and electromagnetic ﬁelds. For ﬁnding possible 
observational differences between TG and GR, we considered a 
5 dimensional braneworld setup. The presence of the brane as 
a boundary hypersurface embedded in the bulk, where all the 
ordinary matter ﬁelds are conﬁned to the brane and only gravi-
tons can propagate in the ﬁfth dimension, offers an interesting 
opportunity to study possible differences between TG and GR. In 
this paper, using the results of Ref. [13], we constructed a RS-
type braneworld model in a teleparallel background. Starting from 
TEGR in 5 dimensions, we investigated possible local Lorentz in-
variance violations in the effective 4 dimensional theory. In both 
cases of Minkowski and FRW branes, the 4D effective ﬁeld equa-
tions found to be local Lorentz invariant. Any possible difference 
between TG and GR in the effective 4D dynamics, is a result of 
different junction conditions in these two theories. In TG setup, 
the second junction condition relates the jump in the superpo-
tential tensor across the brane to the matter content conﬁned 
to the brane. This is in stark difference to GR where the second 
junction condition involves the extrinsic curvature. For the case 
of an FRW brane embedded in AdS bulk, we studied both the 
background dynamics. FRW pentad coeﬃcients have been derived 
using the 5D ﬁeld equations and teleparallel junction conditions. 
The bulk ﬁeld equations are exactly the same as GR, however 
deriving the effective 4D equations involves matching the discon-
tinuities on both sides of the teleparallel ﬁeld equations via the 
junction conditions. As a result of different junction conditions, 
the 4D cosmological evolution will be different in teleparallel grav-
ity compared to GR. For a quick illustration of practical results, 
we considered a simple inﬂationary scenario where the 4D ex-
ponential expansion is driven by a scalar ﬁeld. In the slow-roll 
regime we found that the slow-roll parameters are enhanced by 
braneworld modiﬁcations in teleparallel gravity. This is quite dif-
ferent to the general relativistic results in [22] where the slow-roll 
parameters were suppressed. This means that for a given potential, 
the inﬂation will end sooner in teleparallel gravity than in general 
relativity.References
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